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Abstract
We study a quantum moment map and propose an invariant for G-
invariant star products on a G-transitive symplectic manifold. We start
by describing a new method to construct a quantum moment map for G-
invariant star products of Fedosov type. We use it to obtain an invariant
that is invariant under G-equivalence. In the last section we give two
simple examples of such invariants, which involve non-classical terms and
provide new insights into the classification of G-invariant star products.
1 Introduction
In classical mechanics, observables are smooth functions on a phase space, which
constitute a Poisson algebra, while in quantum mechanics observables becomes
a noncommutative associative algebra.
Deformation quantization introduced by Bayen, Flato, Fronsdal, Lichnerow-
icz and Sternheimer[4] in 1970’s, is one of the important attempts aiming to
establish a correspondence principle between these two mechanics. A classical
phase space is usually a symplectic manifold M and the set of observables of
classical mechanics is N = C∞(M). A deformation quantization, or more pre-
cisely a quantization based on a star product is to introduce a non-commutative
associative multiplication ∗ on N [[λ]], the space of formal power series with co-
efficients in N .
In symplectic geometry, the notion of hamiltonian G-spaces, and in particu-
lar, of moment maps play a important role[13, 10]. There is a quantum analogue
of a moment map [14]. Under some suitable conditions, a quantum moment map
can be defined on a G-invariant star product as a homomorphism from Gutt’s
star product[8] to a G-invariant star product N [[λ]]. Fedosov showed that a spe-
cial quantum moment map plays an important role in formulating the quantum
reduction as an analogue of a symplectic reduction[7].
The classification of G-invariant star products as one of the important prob-
lems is described by G-invariant differential map T . This problem is completely
∗This research was supported by the Research Fellowships of the Japan Society for the
Promotion of Science for Young Scientists.
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represented by the G-invariant de Rham cohomology [1]. The set of equiva-
lence classes of star products is parametrized by a sequence of elements in the
G-invariant second de Rham cohomology of M .
A quantum moment map has a close relationship to a G-equivalence map.
An equivalence map T mapping a quantum moment map associated with a G
-invariant star product to another one associated with another G -invariant star
product can be shown to be G-invariant as show later. If a star product enjoys
the uniqueness property w.r.t. quantum moment maps to be associated with it,
any G -equivalence maps a quantum moment map to another quantum moment
map.
An interesting problem about a star product is how to define a ‘quantum
number’. When we try to do it, some difficulty arises. The most serious obstacle
is that higher terms in λ of an element of N [[λ]] have no direct meaning since
they are easily changed by an equivalence map T in Definition 2. So we should
define a quantum number such that it is independent of the choice of equivalent
star products.
In this paper, we define an invariant quantity for G-invariant star products
which is invariant under the G-equivalence relation. It is defined in a simple
way by using quantum moment maps. We give two examples of this invariant
for the case of R2 and of S2, which involve non-classical terms.
It is not clear whether the invariant defined in this paper fully characterize
a G-invariant star product. We do not know either that there is a relation
between this constant and the G-invariant de Rham cohomology.
Plan of this paper
First we recall the Fedosov quantization, which is one of the most important
tool to compute some examples. In section 2, we give Gutt’s star product.
This star product is a deformation of the Poisson algebra of the dual of a Lie
algebra, and it plays a role of the ‘universal algebra’ of G-invariant star product.
In section 3, a quantum moment map is studied. This section contains the
definition of a quantum moment map and describes its properties. An explicit
form of an quantum moment map for a given G-invariant star product has
not been given yet. We provide here an equation for a quantum moment map
for a given star product of Fedosov type. Using a quantum moment map, we
define a new invariant for a G-invariant star product. This invariant is the
main object of this paper. In the last section, we carry out computations of the
invariant for two cases. One is the simple symplectic manifold R2. The other
is the S2, which is the SO(3) coadjoint orbit in so(3)∗. These examples exhibit
non-classical terms, which are invariant under G-equivalences.
1.1 Deformation of symplectic manifolds and equivalences
Let (M,ω) be a symplectic manifold and N = C∞(M) be the set of smooth
functions on M . The Poisson bracket on N associated with ω is denoted by
{·, ·}. Let N [[λ]] be the space of formal power series in a formal parameter λ
with coefficients in N .
Definition 1. A star product is defined as an associative multiplication ∗ on
2
N [[λ]] of the form
f ∗ g =
∞∑
n=0
(
λ
2
)n
Cn(f, g), for any f, g ∈ N,
such that
1. C0(f, g) = fg and C1(f, g)− C1(g, f) = 2{f, g};
2. Ck(1, f) = Ck(f, 1) = 0, for k ≥ 1;
3. each Ck is a bidifferential operator.
In the situation that a Lie group G acts on M , a star product ∗ is said to
be G-invariant if
g(u ∗ v) = gu ∗ gv (1)
holds for any u, v ∈ Nλ and g ∈ G.
For any symplectic manifold (M,ω) there exists a star product [3, 12, 5].
Definition 2. Two star products ∗1 and ∗2 defined on N [[λ]] are said to be
formally equivalent if there is a formal series,
T = Id+
∞∑
n=1
λnTn, (2)
of differential operators on C∞(M) annihilating constants such that
f ∗2 g = T (T
−1f ∗1 T
−1g).
The formal operator T is called an equivalence between ∗1 and ∗2. In this situ-
ation ∗2 is denoted by ∗
T
1 .
And two G-invariant star products ∗1 and ∗2 are G-equivalent if these two
star products are equivalent and the equivalence T between ∗1 and ∗2 is G-
invariant. In this case T is called a G-equivalence.
The classification of star products on a symplectic manifold is represented
by the de Rham cohomology as follows.
Theorem 1 ([11, 2]). The set of equivalence classes of star products on (M,ω)
is canonically parametrized by sequences of elements belonging to the second de
Rham cohomology of the de Rham complex on M .
In the case of G-invariant star products, the following theorem holds.
Theorem 2 ([1]). Assume that there is a G-invariant symplectic connection
on M . The set of G-equivalence classes of G-invariant star produts on (M,ω)
is canonically parametrized by sequences of elements belonging to the second de
Rham cohomology of the G-invariant de Rham complex on M .
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1.2 Example of star product: Moyal-Weyl product
One of the most important star product is the Moyal product [4] . This is a
star product on the symplectic vector space R2n defined as follows.
u ∗λ v =
∞∑
k=0
(
λ
2
)k
1
k!
ωi1j1 · · ·ωikjk
∂ku
∂yi1 · · ·∂yik
∂kv
∂yj1 · · · ∂yjk
,
for any u, v ∈ C∞(R2n)[[λ]],
(3)
where y1, · · · , y2n are linear coordinates on R2n, ωij = {yi, yj}, and {, } is the
canonical Poisson bracket of R2n. It is simple to see that this definition is
independent of the choice of linear coordinates.
1.3 Fedosov quantization
In the case of a general symplectic manifold, there is a simple construction of a
star product, which is called Fedosov quantization. In this section, we will recall
some basic facts about the Fedosov quantization on a symplectic manifold, as
well as some useful notation. For details; see [5].
Let (M,ω) be a symplectic manifold of dimension 2n. Then, for each point
x ∈ M , TxM is equipped with a linear symplectic structure. Recall that the
Moyal star product always exists on a symplectic vector space TxM .
Definition 3. A formal Weyl algebra Wx associated with TxM is an associative
algebra with a unit over C defined as follows: Each element of Wx is a formal
power series in λ with coefficients being formal polynomial in TxM , that is, each
element has the form
a(y, λ) =
∑
k,α
λkak,αy
α,
where y = (y1, · · · , y2n) are linear coordinates on TxM , α = (α1, · · · , α2n) is a
multi-index and yα = (y1)α1 · · · (y2n)α2n . The product is defined by the Moyal-
Weyl rule (3).
LetW = ∪x∈MWx. ThenW is a bundle of algebras overM , called the Weyl
bundle over M . Each section of W has the form
a(x, y, λ) =
∑
k,α
λkak,α(x)y
α, (4)
where x ∈M . We call a(x, y, λ) smooth if each coefficient ak,α(x) is smooth in
x. We denote the set of smooth sections by ΓW . It constitutes an associative
algebra with unit under the fibrewise multiplication.
A differential q-form with values in W is a smooth section of the bundle
W ⊗ ∧qT ∗M . For short, we denote the space of smooth sections of the bundle
by ΓW ⊗ Λq. ΓW ⊗ Λq forms an associative algebra under multiplication of
tensor product algebra.
Let ∇ be a torsion-free symplectic connection onM and ∂ : ΓW → ΓW ⊗Λ1
be its induced covariant derivative. Consider a connection on W of the form
Da = −δ + ∂ −
1
λ
[γ, a], for a ∈ ΓW (5)
4
with γ ∈ ΓW ⊗ Λ1, where
δa = dxk ∧
∂a
∂yk
.
Clearly, D is a derivation with respect to the Moyal-Weyl product.
A simple computation shows that
D2a =
1
λ
[Ω, a], for any a ∈ ΓW,
where
Ω = ω −R+ δγ − ∂γ +
1
λ
γ2.
Here R = i4Rijkly
iyjdxk ∧ dxl and Rijkl = ωimR
m
jkl is the curvature tensor of
the symplectic connection.
A connection of the form (5) is called Abelian if Ω is a scalar 2-form, that
is, Ω ∈ Λ2[[λ]]. We call D a Fedosov connection if it is Abelian and deg γ ≥ 3.
For an Abelian connection, the Bianchi identity implies that dΩ = DΩ = 0 ,
that is, Ω is closed. In this case, we call Ω Weyl curvature.
Theorem 3 ([5]). Let ∇ be any torsion-free symplectic connection, and Ω =
ω + λω1 + · · · ∈ Z
2(M)[[λ]] a perturbation of the symplectic form ω. There
exits a unique γ ∈ ΓW ⊗ Λ1 such that D given by Equation (5) is a Fedosov
connection, which has Weyl curvature Ω and satisfies δ−1γ = 0.
The above theorem indicates that a Fedosov connection is uniquely deter-
mined by a torsion-free symplectic connection ∇ and a Weyl curvature Ω =
ω + λω1 + · · · ∈ Z
2(M)[[λ]]. For this reason, we will say that the connection D
defined above is a Fedosov connection corresponding to the pair (∇,Ω).
We denote WD be the set of smooth and flat sections, that is, Da = 0
for a ∈ ΓW . The space WD becomes a subalgebra of ΓW . Let σ denote the
projection from WD to N [[λ]] defined by σ(a) = a|y=0.
Theorem 4 ([5]). Let D be an Abelian connection. Then, for any a0(x, λ) ∈
N [[λ]] there exists a unique section a ∈ WD such that σ(a) = a0. Therefore, σ
establishes an isomorphism between WD and N [[λ]] as C[[λ]]-vector spaces.
We denote the inverse map of σ by QD and call it a quantization procedure.
The Weyl product ∗ on WD is translated to N [[λ]] yielding a star product ∗D.
Namely, we set for a, b ∈ N [[λ]]
a ∗D b = σ(QD(a) ∗QD(b)).
The explicit formula of the quantization procedure is given by
QD(a0) = a0 + ∂ia0y
i +
1
2
∂i∂ja0y
iyj
+
1
6
∂i∂j∂ka0y
iyjyk −
1
24
Rijklω
lm∂ma0y
iyjyk + · · · .
(6)
For G-invariant star products, there is a simple criterion as follows.
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Proposition 1 ([6][14]). Let ∇ be a G-invariant connection, Ω be a G-invariant
Weyl curvature and D be the Fedosov connection corresponding to (∇,Ω). Then
the star product corresponding to D is G-invariant.
In the previous proposition the G-invariant star product whose Weyl curva-
ture is given by ω is called the canonical G-invariant star product.
1.4 Deformation of Lie algebras and Gutt’s star product
Let g be a finite dimensional Lie algebra and g∗ be its dual. g∗ has a Poisson
structure called the linear Poisson structure that is defined for u, v ∈ C∞(g∗)[[λ]]
by
{u, v} = Ckij
∂u
∂xi
∂v
∂xj
xk,
where {xi} is a basis of g and C
k
ij are structure constants of g with respect to
{xi}.
The Poisson algebra (C∞(g∗)[[λ]], {, }) has a canonical star product called
Gutt’s star product[8]. This star product is defined as follows: Let g[[λ]] be the
formal power series of λ with coefficients in g. We define a Lie algebra structure
[ , ]λ on g[[λ]] by
[ξ, η]λ = λ[ξ, η]
for any ξ, η ∈ g and extend by λ-linear, where [ , ] means the Lie bracket of g.
We denote it by gλ.
Let U(gλ) be the universal enveloping algebra of g[[λ]]. As a vector space,
U(gλ) is canonically isomorphic to pol(g
∗)[[λ]]. the space of formal power series
of λ with coefficients being polynomials on g∗. The isomorphism is established
by symmetrization. Therefore, the algebra structure on U(g[[λ]]) induces a star
product on pol(g∗)[[λ]], which give rise to a deformation quantization for the
Lie-Poisson structure g∗.
2 G-invariant star products and quantum mo-
ment maps
Now we consider a quantum moment map for a G-invariant star product, as one
of the main subjects in this paper.
A quantum moment map is a quantum analogue of a moment map. Fedosov
defines a quantum moment map to show the quantum reduction theorem [7].
But we adopt here the definition of quantum moment map from [14] since this
definition contains the ones of Fedosov. While existence and uniqueness can
be easily verified under suitable conditions, it is not easy to present in an ex-
plicit formula. Hence we present a new method of computing quantum moment
maps for any star product of Fedosov type and discuss the relation between
G-equivalents and quantum moment maps in this section. On the basis of these
consideration, we propose here a new invariant for G-invariant star products
and show that it remains unchanged under G-equivalence, because of which
this invariant should be expected to play an important role in the classification
of G-invariant star product. We present a few examples, which show that these
invariant provides non-trivial results arising from quantum effect.
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2.1 The definition and basic properties of quantum mo-
ment maps
Let (M,ω) be a hamiltonian G-space and Φ be a moment map [13]. From now
on, we assume that any star product is G-invariant. Then, the corresponding in-
finitesimal action defines a Lie algebra homomorphism from g to the Lie algebra
of derivations Der(N [[λ]],*) with respect to ∗.
Definition 4. A quantum moment map is a homomorphism of associative al-
gebras
Φ∗ : U(gλ)→ N [[λ]], (7)
[Φ∗(X), u]∗ = λXu, (8)
where the right hand side of (8) means the infinitesimal action of X ∈ g on
N [[λ]]. It is easy to see that the condition (7) is equivalent to
Φ∗([X,Y ]λ) = [Φ∗(X),Φ∗(Y )]∗ for any X,Y ∈ g. (9)
Note that a quantum moment map usually depends on the choice of a star
product.
As mentioned above, the algebra U(gλ) can be identified with Gutt’s star
product on pol(g∗)[[λ]].
Proposition 2 ([14]). Let Φ∗ : pol(g
∗[[λ]]) → N [[λ]] be a quantum moment
map. Then M is a hamiltonian G-space. Moreover Φ∗ satisfies
Φ∗(f) = Φ0(f) +O(λ), for any f ∈ pol(g
∗),
where Φ0 : pol(g
∗)→ C∞(M) denotes the corresponding classical moment map.
On the existence and the uniqueness of quantum moment maps, some simple
criteria are known as follows.
Theorem 5 ([14]). Let H∗dR(M) be de Rham cohomology group and H
∗(g, R)
be Lie algebra cohomology group with coefficients in R. There exists a quantum
moment map if H1dR(M) = 0 and H
2(g, R) = 0.
Theorem 6 ([14]). The set of quantum moment maps of a G-invariant star
product is parametrized by H1(g,R).
2.2 A local formula of quantum moment maps
Let f be a diffeomorphism on M . Then f acts on a section a ∈ C∞(W ⊗Λ) by
pull back
(f∗a)(x, y, dx, λ) = a(f(x),
∂f
∂x
y, df(x), λ).
If f is a symplectomorphism, f∗ is an automorphism of the algebra C∞(W⊗Λ).
Thus, a Hamiltonian vector field X defines a derivation on C∞(W ⊗ Λ),
LXa =
d
dt
f∗t a
∣∣∣∣
t=0
7
called the Lie derivative, where ft is the Hamiltonian flow generated by X . One
can show that there is a section A(X) ∈ C∞(W ) such that
LXa = (di(X) + i(X)d)a+
1
λ
[A(X), a]. (10)
For instance, A(X) is given as following
A(X) = ωik
((
d
dt
∂ft
∂x
)(
∂ft
∂x
)−1)k
j
yiyj ,
where ωik are coefficients of the symplectic form ω and ft is the Hamiltonian
flow generated by X .
The following two Lemmas play important roles in determining the local
form of any quantum moment map.
Lemma 1. Let D be a Fedosov connection whose Weyl curvature is Ω and Q
be the quantization procedure corresponding to D.
Assume that there exists H(X) ∈ N [[λ]] for any X ∈ g such that
LXa = (i(X)D +Di(X))a+
1
λ
[Q(H(X)), a] (11)
holds for any section a ∈ C∞(M,W ⊗ Λ). Then, for any Abelian connection
of the form D1 = D +
1
λ
[∆γ, ·] with G-invariant ∆γ ∈ ΓW 3 ⊗ Λ1 which has
the same Weyl curvature as D, Equation (11) holds with D1 and Q1 replaced by
D and Q, respectively, where Q1 is the quantization procedure corresponding to
D1.
Proof. Since the addition of [∆γ, ·]/λ to D on the right hand side of (11) is
cancelled by that of −i(X)∆γ to Q(H(X)), we have
LXa = (i(X)D1 +D1i(X))a+
1
λ
[Q(H(X))− i(X)∆γ, a].
It remains to show that Q(H(X))− i(X)∆γ is equal to Q1(H(X)). Since
(Q(H(X))− i(X)∆γ)|y=0 = H(X),
it is sufficient to show that Q(H(X))− i(X)∆γ is flat with respect to D1.
D1(Q(H(X))− i(X)∆γ) =
D(Q(H(X))− i(X)∆γ) +
1
λ
[∆γ,Q(H(X))− i(X)∆γ]
= D(Q(H(X))− i(X)∆γ) +
1
λ
[∆γ,Q(H(X))] +
1
λ
[i(X)∆γ,∆γ]
= i(X)
(
D∆γ +
1
λ
∆γ2
)
. (12)
Since the Weyl curvature of D1 equals to Ω, we obtain
D∆γ +
1
λ
∆γ2 = 0.
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Lemma 2. Under the conditions in Lemma 1 if
[Q(H(X)), Q(H(Y ))] = λQ(H([X,Y ])) (13)
holds for any X,Y ∈ g, then Equation (13) holds with Q1 replaced by Q defined
in Lemma 1.
Proof. As we have seen in the proof of Lemma 1, the equation
Q1(H(X)) = Q(H(X))− i(X)∆γ
holds. By Lemma 1, we have
[Q1(H(X)), Q1(H(Y ))] = [Q1(H(X)), Q(H(Y )) + i(Y )∆γ]
= λLXQ(H(Y )) + λLX i(Y )∆γ
= [Q(H(X)), Q(H(Y ))] + λ(i(Y )LX + i([X,Y ]))∆γ
= λ(Q(H([X,Y ])) + i([X,Y ])∆γ
= λQ1(H([X,Y ])).
The star products defined below play important role to compute local form
of quantum moment map.
Definition 5. Let U be a neighborhood of a symplectic manifold with Darboux
coordinates, Ω a perturbation of a symplectic form on U . A Fedosov connec-
tion D corresponding to (∇,Ω) is called a semi-Moyal connection whose Weyl
curvature is Ω if nabla is a the exterior differential on U and the star product
corresponding to D is called the semi-Moyal product on U .
The following proposition is a key for the computation of a local form of
quantum moment map.
Proposition 3. Let D be the Fedosov connection corresponding to a symplectic
connection ∇ and a Weyl curvature Ω, and ∗ be the star product corresponding
to D. Take a local chart U of M and let D1 be the semi-Moyal connection on
U whose Weyl curvature is Ω . If Φ∗ is a quantum moment map of ∗, then Φ∗
satisfies
LXa = (i(X)D1 +D1i(X))a+
1
λ
[Q1(Φ∗(X)), a], (14)
λQ1(Φ∗([X,Y ])) = [Q1(Φ∗(X)), Q1(Φ∗(Y ))], (15)
for any X,Y ∈ g and a ∈ C∞(W ⊗ Λ).
Proof. First note that equation (11) is holds with Φ∗ replacing H . In fact, if we
denote Da = da+ [γ, a]/λ and use Equation (10), (11) is equivalent to
[γ(X) +Q(Φ∗(X)) +A(X), a] = 0 for any a ∈ C
∞(W ⊗ Λ). (16)
By definition of Φ∗, equation (11) holds for any flat section a ∈ WD. Hence
(16) holds any section a since a section which commutes with any flat section
is central(See Corollary 5.5.2 in [6]). Apply Lemma 1 and Lemma 2 with Φ∗
replaced by H and we have the proposition.
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This proposition means that the computation of the local form of a quan-
tum moment map for a Fedosov star product reduces to that of a quantum
moment map for the semi-Moyal product whose Weyl curvature is the same as
the corresponding Weyl curvature to Fedosov star product under consideration.
The following theorem which is proved by Fedosov([5]) is obtained by using
previous proposition in the case of the canonical G-invariant star product, that
is, the Weyl curvature Ω = ω.
Theorem 7. Assume ∗ is a canonical G-invariant star product. Then Equa-
tions (11) and (13) are valid if H is a classical moment map.
We will give a method to compute a local form of quantum moment map for
any G-invariant Fedosov star product. In the case of a canonical G-invariant
star product, the above theorem provides a quantum moment map. In other
cases, the computation is divided into two parts. Firstly, we give an explicit
formula of semi-Moyal quantization. Secondly, we give a formula of a quantum
moment map of a semi-Moyal product.
2.3 An explicit form of semi-Moyal products and their
quantum moment maps
As we saw in the previous subsection, it is important to give an explicit formula
of semi-Moyal products to compute a quantum moment map. Using the Fedosov
quantization method, we have following formula.
Let U be a Darboux neighborhood, ΓWU be the Weyl algebra bundle on U
and Ω is a perturbation of the symplectic form ω, that is,
Ω = ω + λω1 + λ
2ω2 + · · · ,
where each ωi is closed two form on U .
Using the Fedosov method (Theorem 3), we have the semi-Moyal connection
whose Weyl curvature is Ω as follows;
Da = −δa+ da+
1
λ
[γ, a], for any a ∈ ΓWU (17)
where
γ = Ω˜ijy
idxj +
1
3
∂iΩ˜jky
iyjdxk + ωikΩ˜ijΩ˜kly
jdxl · · · , (18)
Ω˜ = Ω− ω. (19)
Then, by Theorem 4, the semi-Moyal quantization of u ∈ C∞(U) is given
by
Q(u) = u+ (∂iu+ ω
kjΩ˜ki∂ju+ ω
mjωklΩ˜kmΩ˜lj∂ju+ · · · )y
i
+ ωijΩ˜il∂j∂muy
lym +
1
6
ωij∂kΩ˜im∂juy
kym + ωijωklΩ˜kiΩ˜ln∂j∂ouy
nyo · · · .
(20)
For later use, we give all linear terms with respect to yis of a semi-Moyal quan-
tization(20)
(I + µ+ µ2 + · · ·+ µk + · · · )ji∂juy
i, (21)
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where
µij = −ω
ikγ
(1)
kj , (22)
and γ(1) denotes linear terms of γ with respect to yi.
Next, we give a differential equation in determining a quantum moment map
of a semi-Moyal product. In the special case, the Moyal product, the following
fact holds.
Lemma 3 ([7]). Let X be a vector field on U and H be a generator function
of X, that is Xf = {H, f} . For any section a ∈ ΓWU ,
LXa = (i(X)DM +DM i(X))a+
1
λ
[QM (H), a] (23)
holds, where DM and QM are the Moyal connection and Moyal quantization on
U respectively.
Proof. It is a direct verification.
For general semi-Moyal products, the following Lemma is important to de-
termine a quantum moment map.
Lemma 4. Let D is the semi-Moyal connection whose Weyl curvature is Ω =
ω + λω1 + · · · , Q be the quantization procedure with respect to D and H be a
generator function of a vector filed X on U . If H¯ ∈ C∞(U)[[λ]] satisfies
LXa = (i(X)D +Di(X))a+
1
λ
[Q(H + H¯), a] for any a ∈ ΓWU , (24)
then
∂iH¯ = (−2µ+ µ
2)ji∂jH (25)
holds, where µji is given by (22).
Proof. Substituting Da = DMa+ [γ, a]/λ into (24), we have
LXa =(i(X)DM +DM i(X))a+
1
λ
[QM (H), a] +
1
λ
[i(X)γ + (Q−QM )(H) +Q(H¯), a].
Lemma 3 reduces this equation to
[i(X)γ + (Q−QM )(H) +Q(H¯), a] = 0.
Since this equation holds for any a ∈ ΓWU , we have
Q(H¯) = −i(X)γ − (Q−QM )(H) (26)
up to central elements, functions in C∞(U)[[λ]]. Equating linear terms with
respect to yi of Equation (26) and using (20), we have
(1 + µ+ µ2 + · · ·+ µk + · · · )ji∂jH¯y
i = −(2µ+ µ2 + · · ·+ µk + · · · )ji∂jHy
i.
Multiplying the above equation by (µ− 1), we have (25).
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Let ∗ be a G-invariant Fedosov star product whose Weyl curvature is Ω and
Φ∗ is a quantum moment map of ∗. Then Proposition 3 and Lemma 4 imply
∂i(Φ∗(X)− Φ(X)) = (−2µ+ µ
2)ji∂jΦ(X),
where Φ is the classical moment map. The above equation determines Φ∗ up to
constants, that is, elements in C[[λ]].
To fix these constant terms of a quantum moment map, we use Equation
(15). We can completely fix constants if H1(g,R) = 0.
2.4 G-equivalences, Quantum moment maps and invari-
ants
In this subsection, we will give a relation between G-equivalence and quantum
moment map.
Proposition 4. Let ∗ and ∗′ be two G-invariant star products on N [[λ]] and
Φ∗ and Φ∗′ be the corresponding quantum moment maps. Assume that there
exists an equivalence map T between ∗ and ∗′ such that
TΦ∗(X) = Φ∗′(X), for any X ∈ g.
Then T is G-invariant. So ∗ and ∗′ are formally G-equivalent.
Proof. It is enough to show that for any f ∈ N , TXf = XTf holds, which can
be seen as
λTXf = T ([Φ∗(X), f ]∗) = [TΦ∗(X), T f ]∗′
= [Φ∗′(X), T f ]∗′ = λXTf.
Proposition 5. Assume ∗ is a G-invariant star product and Φ∗ is its quantum
moment map. If a formal differential map T = Id +
∑
λnTn on N [[λ]] is G-
invariant, then ∗T is also a G-invariant star product and TΦ∗ is a quantum
moment map with respect to ∗T .
Proof. It is easy to see that ∗T is G-invariant star product. Set Ψ = TΦ∗, then
Ψ is an algebra homomorphism between Gutt’s star product and (N [[λ]], ∗T ).
So it is enough to check the condition (9):
[Ψ(X), f ]∗T = [TΦ∗(X), f ]∗T = T ([Φ∗(X), T
−1f ]∗)
= T (λXT−1f) = λXf.
Corollary 1. Assume H1(g,R) = 0, that is, there is a unique quantum moment
map for each star product, if it exists. Let ∗ and ∗′ be G-invariant star products
and Φ∗ and Φ∗′ be the corresponding quantum moment maps. If T is a G-
equivalence map between ∗ and ∗′ then Φ∗′ = TΦ∗.
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So we have shown that a G-equivalence maps a quantum moment map cor-
responding to a G-invariant star product to one for the corresponding product,
and vice versa.
The following proposition determines the commutant of quantum moment
maps.
Proposition 6. Let Φ∗ be a quantum moment map with respect to a star prod-
uct ∗. If f ∈ N [[λ]] satisfies
[Φ(X), f ]∗ = 0 for any X ∈ g, (27)
then f is a G-invariant function.
Proof. The equation,
Xf = [Φ(X), f ]∗ = 0
means that f is a G invariant function on M .
Corollary 2. Assume M is a G-transitive space. The condition(27) implies f
is constant.
Proposition 7. Assume M be a G-transitive space. Let Z be the center of
Gutt’s star product, ∗ be a G-invariant star product and Φ∗ be a quantum mo-
ment map of ∗. Then for any element l in Z, Φ∗(l) is constant, that is, there
exist an element c∗(l) ∈ C[[λ]] such that Φ∗(l) = c∗(l).
Proof. The equality
[Φ∗(X),Φ∗(l)]∗ = Φ([X, l]∗G) = Φ(0) = 0.
implies, by Proposition 6, that Φ∗(l) is constant.
This Proposition leads to the following definition.
Definition 6. Let M be a G-transitive symplectic manifold and ∗ be a G-
invariant star product which has a quantum moment map Φ∗. Define a map
c∗ by
c∗ : Z→ C[[λ]],
c∗(l) := Φ∗(l), for any l ∈ Z.
Then c∗ is an algebra morphism, because Z is a subalgebra of Gutt’s star product
and Φ∗ is an algebra morphism.
The map c∗ has following properties.
Proposition 8. Let ∗ and ∗′ be G-invariant star products and Φ∗ and Φ∗′ be
the corresponding quantum moment maps. If kerΦ∗ = kerΦ∗′ , then for any
l ∈ Z Φ∗(l) = Φ∗′(l) holds.
Proof. Let c = Φ∗(l) ∈ C[[λ]]. Then l − c ∈ kerΦ∗. This means l − c ∈ kerΦ∗′ .
So Φ∗′(l − c) = 0, that is, Φ∗′(l) = c.
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The following Theorem says that the map c∗ depends only on a class of
G-invariant ∗-products.
Theorem 8. Let ∗ and ∗′ be G-invariant star products and Φ∗ and Φ∗′ be the
corresponding quantum moment maps. If ∗ is G-equivalent to ∗′ then c∗ is equal
to c∗′ .
Proof. Let T , a G-invariant differential map, be the G-equivalence between ∗
and ∗′. By Corollary 1 it satisfies Φ∗′ = TΦ∗, so kerΦ∗ = kerΦ∗′ . This implies
c∗ = c∗′ by Proposition 8.
3 Examples of c∗
In this section, we present two examples of c∗. The first one is the Moyal product
on R2 on which SL(2) acts. The second one is the G-invariant star product on
S2, the coadjoint orbit of G = SO(3).
3.1 Moyal product on R2
Let R2 be the symplectic vector space with coordinates (x, p), and the Poisson
bracket is given by {x, p} = 1. The group SL(2) acts on R2 by linear symplec-
tomorphisms. Let {E,F,H} be basis of sl(2) with commutation relation,
[E,F ] = H, [H,E] = 2E, [H,F ] = −2F.
The Casimir element is given by Z = EF + 12H
2 + FE. The Moyal product is
the canonical SL(2)-invariant star product. So we obtain a quantum moment
map corresponding to Moyal product is given by classical moment map.
The classical moment map Φ is given by
Φ(E) =
1
2
x2,Φ(F ) = −
1
2
p2,Φ(H) = −xp.
So c∗(Z) is given by
Φ∗(Z) = Φ∗(E) ∗ Φ∗(F ) +
1
2
Φ∗(H) ∗ Φ∗(H) + Φ∗(F ) ∗ Φ∗(E)
= Φ(E) ∗ Φ(F ) +
1
2
Φ(H) ∗ Φ(H) + Φ(F ) ∗ Φ(E).
(28)
All terms of (28) vanish except the λ2 term. A simple computation gives
Φ∗(Z) =
1
2
(
λ
2
)2
(−1 +
1
2
(−2)− 1)
= −
3
2
(
λ
2
)2
.
3.2 SO(3)-invariant star product on S2
In this subsection, we give an example of c∗ for the SO(3)-invariant star product
on S2, the coadjoint orbit of SO(3), up to λ2. We should note that the G-
invariant de-Rham cohomology space of S2 is R. So SO(3)-equivalence class
of SO(3) invariant star product on S2 is parametrized by H2dR(S
2,R)[[λ]]. We
compute here c∗ for the canonical invariant star product and the star product
of Fedosov type whose Weyl curvature Ω = ω + λω.
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3.2.1 canonical SO(3)-invariant star product on S2
To use the formula (6), we need a SO(3)-invariant connection on S2. To this
end, the following results are fundamental (see [9]).
Let M = K/H be a homogeneous space, where K is a connected Lie group
and H is a closed subgroup of K. The coset H is called the origin of M and
will be denoted by o. The group K acts transitively on M in a natural manner.
The linear isotropy representation is by definition the homomorphism of H into
the group of linear transformations of To(M) which assigns to each h ∈ H the
differential of h at o.
Let n be the dimension of M and G be a Lie subgroup of GL(n;R). We
recall that a G-structure on M is a principal subbundle P of the linear frame
bundle L(M) with structure group G ⊂ GL(n;R).
Unless otherwise stated we assume throughout this section that P is a G-
structure on M invariant by K, i.e., K acts on P as an automorphism group.
We also fix a linear frame uo ∈ P at o throughout. If we identify To(M)
with Rn by the linear isomorphism uo : R
n → To(M), then the linear isotropy
representation of H may be identified with the homomorphism ρ : H → G
defined by
ρ(h) = u−1o ◦ h∗ ◦ uo for h ∈ H, (29)
where h∗ : To(M)→ To(M) denotes the differential of h at o.
We say that a homogeneous space K/H is reductive if the Lie algebra k of
K may be decomposed into a vector space direct sum of Lie algebra h of H and
an Ad(H)-invariant subspace m, that is, if
1. k = h+m, h ∩m = 0;
2. Ad(H)m ⊂ m.
Condition (2) implies
3. ad(h)m ⊂ m,
and, conversely, if H is connected, then (3) implies (2).
Theorem 9. Let P be a K-invariant G-structure on a reductive homogeneous
space M = K/H with decomposition k = h + m. Then there is a one-to-one
correspondence between the set of K-invariant connections in P and the set of
linear mappings Λm : m→ g such that
Λm(Ad(h)(X)) = Ad(ρ(h))(Λm(X)) for X ∈ k and h ∈ H, (30)
where ρ denotes both the linear isotropy representation H → G and the Lie
algebra homomorphism h → g induced from it, Ad(h) denotes the adjoint rep-
resentation of H in k and Ad(ρ(h)) denotes the adjoint representation of G in
g. To a K-invariant connection in P with connection form ω there corresponds
the linear mapping defined by
Λ(X) = ωu0(Xˆ) for X ∈ k,
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where Xˆ denotes the natural lift to P of a vector field X ∈ k of M and Λ is
defined by
Λ(X) =
{
ρ(X) if X ∈ h,
Λm(X) if X ∈ m.
We shall now express the one-to-one correspondence in Theorem 9 in terms
of covariant differentiation. If ∇ is the covariant differentiation with respect to
the affine connection on M and if X is a vector field onM , then the tensor field
AX of type (1,1) on M is defined by
AX = LX −∇X . (31)
Corollary 3. The one-to-one correspondence in Theorem 9 is also given by
uo ◦ (Λm(X)) ◦ u
−1
o = −(AX)o for X ∈ m. (32)
Next, we provide useful facts of coadjoint orbits of SO(3). We identify the
so(3)∗ with the R3 by taking basis of so(3). Let α be a point on so(3)∗. A
coadjoint orbit through the point α is nothing but the sphere with the radius
r = ‖α‖ denoted by S2r .
Let dA be the area element on the sphere S2r . Then the coadjoint symplectic
structure is given by following 2-form
ω =
1
r
dA. (33)
We give local canonical coordinates around o = (r, 0, 0) ∈ R3. The spherical
coordinates given by
x = r cosϕ sin θ
y = r sinϕ sin θ
z = r cos θ,
(34)
constitute local coordinates in a neighborhood of o. In these coordinates the
symplectic form ω can be written by
ω = r sin dθ ∧ dϕ.
If we define θ˜ = −r cos θ, we have
ω = dθ˜ ∧ dϕ,
and (θ˜, ϕ) are canonical coordinates.
Let σx, σy, σz ∈ so(3) be the generators of rotations around x, y and z axes,
respectively. Note that σx generates the isotropy group at o = (r, 0, 0). Let
h be a Lie subalgebra of so(3) and m be a linear subspace of so(3) generated
by σy and σz. It is easy to show that so(3) = h + m is a unique reductive
decomposition.
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Let P be the principal Sp(2)-subbundle of L(S2r ), that is, the bundle of
symplectic frames. Using canonical coordinates (θ˜, ϕ), we set
uo =
(
o,
(
∂
∂θ˜
,
∂
∂ϕ
))
∈ P.
Let Tx, Ty and Tz be the fundamental vector fields of S
2
r corresponding, respec-
tively, to σx, σy and σz. In canonical coordinates (θ˜, ϕ) we have
Tx = −r sin θ sinϕ
∂
∂θ˜
−
cos θ
sin θ
cosϕ
∂
∂ϕ
Ty = −r sin θ cosϕ
∂
∂θ˜
−
cos θ
sin θ
sinϕ
∂
∂ϕ
Tz =
∂
∂ϕ
.
(35)
We give here a SO(3)-invariant connection on S2. In the present case, the
linear isotropy representation (29) is nothing but the Jacobi matrix of the dif-
ferential of h ∈ G at o in the canonical coordinates (θ˜, ϕ), so we easily obtain
ρ(σx) =
(
0 −
1
r
r 0
)
. (36)
Note that this ρ means the induced Lie algebra homomorphism.
Lemma 5. There is a unique SO(3)-invariant symplectic connection given by
Λm(m) = 0, (37)
where m is a linear subspace generated by σy, σz.
Proof. It is easy to see that (37) defines invariant connection. On the other
hand, if Λm is a linear mapping which satisfies conditions in Theorem, then
[ρ(σx), [ρ(σx),Λm(σy)]] = −Λm(σy),
which implies Λm(σy) = 0, and similarly for σz .
Lemma 6. Let Γ be the coefficients of the invariant connection corresponding
to Λm. Then
Γkij(o) = 0, (38)
with respect to the coordinates (θ˜, ϕ).
Proof. Let TX , TY , TZ be fundamental vector fields with respect to the action
of SO(3). For X and Y in k
∇TXTY = −Λ(X)Y + [X,Y ] (39)
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holds by (31) and (32). One obtains
∇TZTY |0 = −Λ(Z)Y + [TZ , TY ]|0
= −TX |0 = 0,
∇TZTZ |0 = 0,
∇TY TY |0 = 0
and show the Lemma by direct computation.
So we have a unique SO(3) invariant connection on S2r which is given by
the usual partial differential with respect to canonical coordinates (θ˜, ϕ) at o.
One can show that if there is an invariant torsion-free connection, there exists
an invariant torsion- free symplectic connection. So the connection we have
constructed is symplectic.
Now we can compute c∗ for the canonical SO(3)-invariant star product.
According to the theorem, the quantum moment map is given by the classical
moment map. Let Z = σ2x + σ
2
y + σ
2
z be a Casimir operator and the center of
U(so(3)) is generated by Z. Our purpose is to compute Φ∗(Z) up to λ
2 order.
Since Φ∗ is a homomorphism, we have
Φ∗(Z) = Φ∗(σx) ∗ Φ∗(σx) + Φ∗(σy) ∗ Φ∗(σy) + Φ∗(σz) ∗ Φ∗(σz)
= Φ(σx) ∗ Φ(σx) + Φ(σy) ∗ Φ(σy) + Φ(σz) ∗ Φ(σz).
(40)
Since Φ∗(Z) is a constant function and star product is local, we only concen-
trate on a reference point o ∈ S2. Computation requires the values of covariant
derivatives of functions at o.
The classical moment map is given by
Φ(σx) = r sin θ cosϕ,
Φ(σy) = r sin θ sinϕ,
Φ(σz) = r cos θ.
A simple computation gives
∂θ˜∂θ˜Φ(σx)|o = −
1
r
, (41)
∂ϕ∂ϕΦ(σx)|o = −r, (42)
and other combinations are 0. Substituting these values into (40) and using the
formula (6), we obtain
c∗(Z) = Φ∗(Z) = r
2 + 2
1
2
(
λ
2
)2
+ · · ·
= r2 +
1
4
λ2 + · · · . (43)
The λ2 term in (43) is non-classical, and any G -equivalence remains these
values.
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3.2.2 SO(3)-invariant star product whose Weyl curvature is ω + λω
Let Ω = ω + λω. Since ω is a generator of H2dR(S
2,R), the star product of
Fedosov type whose Weyl curvature is Ω gives another SO(3)-invariant star
product which is not SO(3)-equivalent to the canonical one, and we denote this
star product by ∗Ω.
Let D0 be the semi-Moyal connection whose Weyl curvature is Ω. A simple
computation gives
D0a = −δa+ da+
1
λ
[γ, a] for any a ∈ ΓW ⊗ Λ,
where
γ = (λ− λ2 + · · · )ωijy
idxj .
Let Φ∗Ω be a quantum moment map corresponding to ∗Ω. If we denote
Φ∗Ω = Φ + λΦ1 + λ
2Φ2 + · · · ,
due to Lemma 4 we obtain
∂i(λΦ1 + λ
2Φ2 + · · · ) = (2λ− λ
2 + · · · )∂iΦ.
Then we have
Φ∗Ω = Φ+ 2λΦ− λ
2Φ + · · · , (44)
up to constants. Because of Equation (15), a quantum moment map Φ∗Ω is
exactly given by (44).
We can easily show that up to λ2 terms, ∗Ω is given by
u ∗Ω v = uv +
λ
2
{u, v}+
1
2
(
λ
2
)2 (
ωi1j1ωi2j2∂i1∂i2u∂j1∂j2v − 2{u, v}
)
+ · · ·
= u ∗ v + λ2{u, v}+ · · · .
So we have
c∗Ω = Φ∗Ω(Z) = r
2 + 4r2λ+ (2r2 +
1
4
)λ2 + · · · . (45)
This result gives c∗ 6= c∗Ω . It occurs to us that the class of G-invariant star
products are parametrized by c∗.
We end this section with the following problem:
Problem. What is the image of the mapping from G-invariant star products to
c∗ maps, and is this mapping one to one ?
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